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Abstract

Transformation can be viewed as a philosophy on how to achieve change. A rigorous treat-
ment of transformation has its roots in equational reasoning – the idea that equals can be
substituted for equals. This article explores transformation as it applies to the manipulation of
software.
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1 What: The Manipulation of Complex Values

A typical computer program consists of a sequence of instructions that manipulate values belonging
to a variety of simple data types. In this context, a data type is considered to be simple if its values
have a simple syntactic structure. Integers, reals, Booleans, strings, and characters are all examples
of simple data types. In contrast, when viewed as a value, the sequence of characters that make
up a program written in a high-level language such as Java or C++ can be seen as having a highly
complex syntactic structure.

Informally speaking, a good litmus test for determining whether a particular value is simple is
to consider the complexity of user-defined methods capable of reading in such a value from a file,
storing this value internally within a program, and writing this value to a file. Thinking along these
lines reveals that typical computer languages provide I/O support for simple types (e.g., getc, read,
input1, inputN, put, print, write, etc.) as well as primitive support for basic operations on these
types (e.g., equality comparison, relational comparisons, addition, subtraction, and so on).

A similar level of support is generally not provided for values having syntactic structures that
cannot be directly modeled in terms of simple values. Thus, as the structure of the data becomes
more complex, a greater burden is placed on the programmer to develop methods capable of per-
forming desired operations (e.g., I/O, equality comparison, internal representation, and general
manipulations). In the limit, the techniques employed for structure recognition include the devel-
opment of domain-specific parsers, reuse of general purpose context-free parsers such as LL, LALR,
LR parsers [2], and even state-of-the-art parsers such as Scannerless Generalized LR (SGLR) parsers
[26][7]. The values constructed by these tools are typically output using sophisticated algorithms
such as abstract pretty printers [9][24].

Parsers such as LL, LALR, LR, and SGLR parsers all ultimately make use of powerful parsing
algorithms for recognizing the structure of a sequence of symbols. From a theoretical perspective,
these parsing algorithms are capable of recognizing the class of languages known as context-free
languages. This class of languages is interesting because it represents the most complex class
that can be efficiently recognized by a computer using general purpose algorithms. The syntactic
structure of modern programming languages typically fall in the class of context-free languages or
slight variations thereof [15].

Figure 1 gives an example of an extended-BNF grammar fragment describing the syntactic
structure of a simple imperative language we will call Imp. The directives %LEFT ASSOC ID
and %PREC ID are used to declare and assign precedence and associativity to operations and
productions in the grammar (for more on precedence and associativity see [2]). These assignments
allow portions of the grammar that would otherwise be ambiguous to be uniquely parsed. Informally
summarized, the language described by the grammar fragment defines an Imp program as consisting
of a single block containing a statement list. In turn, a statement list consists of zero or more labeled
statements. A label may be optionally associated with a statement. A statement can either be a
block, one of three different kinds of if-statements, a while-loop, an assignment, a goto-statment, or
a statement called skip whose execution doesn’t do anything (i.e., skip is a no-op). Programs written
in this language can be parsed using an LALR parser that has been extended with associativity
and precedence.

As a result of their context-free roots, the structure of character sequences corresponding to
typical computer programs can be modeled in terms of a tree structure (also known as a term
structure). Tree structures come in two basic flavors: parse trees which literally reflect the structure
described by the context-free grammar used to define the programming language, or abstract syntax
trees which capture the essence of the structure described by the context-free grammar (for more
on extended-BNF grammars and abstract syntax see [25]). More compact internal representations
such as directed acyclic graphs (DAGs) are also possible, but a discussion of these lies beyond the
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%LEFT ASSOC L1. %LEFT ASSOC L2. %LEFT ASSOC L3. %LEFT ASSOC L4. %LEFT ASSOC L5.

pgm ::= { stmt list }
stmt list ::= labeled stmt ; stmt list | ε
labeled stmt ::= label stmt
label ::= id : | ε
stmt ::= block | cond | loop | assign | jump | continue
block ::= { stmt list }
cond ::= if E labeled stmt
cond ::= if E then block %PREC L1
cond ::= if E then block else block %PREC L2
loop ::= while E do block
assign ::= id = E
jump ::= goto label
continue ::= skip
E ::= E op E | ( E ) | !( E ) | base
op ::= < | > | <= | >= | = | ! = %PREC L3
op ::= + | − %PREC L4
op ::= ∗ | div | mod %PREC L5
base ::= id | integer
id ::= identifier

Figure 1: A grammar fragment of a simple imperative language called Imp

scope of this article.

2 How: Equational Reasoning – the Essence of Program Trans-

formation

Program transformation concerns itself with the manipulation of programs. Conceptually speaking,
a (program) transformation system accepts a source program as its input data and produces a
transformed program known as a target program as its output data. Thus, a transformation system
treats programs in much the same way that traditional programs treat simple data. In general,
systems that share this view of programs-as-data are called meta-programming systems. A compiler
is a classic example of a meta-programming system.

In spirit, the goal in program transformation is to manipulate programs using techniques similar
to the techniques used by mathematicians when they manipulate expressions. For example, in
mathematics, the expression x ∧ true can be simplified to x. Similarly in Java, the sequence of
assignments x = 5;x = x can be simplified to the single assignment x = 5. In Boolean algebra,
the expression e1 ∨ e2 is equivalent to e2 ∨ e1 for any arbitrary Boolean expressions e1 and e2.
However, in Java, Boolean expressions are conditionally evaluated1 and as a result e1||e2 is not
equivalent to e2||e1 (consider the evaluation of the Boolean expression true || 4/0 < 5). On the
other hand, in Java a conditional statement of the form if (BE) stmt1; else stmt2; is equivalent

1This form of evaluation is also referred to as short-circuiting.
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to if (!(BE)) stmt2; else stmt1; for any Java Boolean expression BE and Java statements stmt1
and stmt2. Having seen a few examples of manipulation let us take a more detailed look at how
mathematical expressions can be manipulated in general through a process known as equational
reasoning.

2.1 Equational Reasoning: A technique for mathematical manipulation

In mathematics there are axioms (i.e., laws) and theorems stating how expressions of a certain type
(e.g., Boolean expressions) can be manipulated. Axioms and theorems are oftentimes given in the
form of equations relating two syntactically distinct expressions. Figure 2 gives a standard set of
axioms defining a Boolean algebra.

Commutativity Identity
or(x, y) = or(y, x) or(x, false) = x
and(x, y) = and(y, x) and(x, true) = x

Distributivity Complement
or(x, and(y, z)) = and(or(x, y), or(x, z)) or(x, not(x)) = true
and(x, or(y, z)) = or(and(x, y), and(x, z)) and(x, not(x)) = false

Figure 2: The standard axioms for a Boolean algebra

The axioms for Boolean algebra provide us with the basis for manipulating Boolean expressions.
In mathematics, when manipulating a mathematical expression a common goal is the simplification
of that expression. In math classes, problems are often given where the goal is to simplify an
expression until it can be simplified no further. This activity is referred to as solving the expression
and the simplified form of the expression is called the answer. In the context of equational reasoning
such an answer is called a normal form. For example, the normal form of 7 ∗ 7 + 1 is 50. In this
article, we will use the terms rewriting and simplification interchangeably.

In addition to expression simplification, in mathematics one is also interested in knowing
whether one expression is equal to another expression. This activity is known as theorem prov-
ing. Theorems have the general form: e1 = e2 if cond, where cond defines the conditions under
which e1 = e2 holds. In the degenerative case where e1 = e2 always holds one may drop the
conditional portion and simply write the theorem as e1 = e2.

Suppose that one is interested in knowing whether or(b, b) = b is a theorem, where or(b, b) is
the prefix form of the Boolean expression b ∨ b. How does one go about proving such a theorem?
One approach for proving a theorem of the form e1 = e2 is to separately try to rewrite e1 and e2
into their normal forms and then compare the results. A variation of this idea is to pick whichever
term e1 or e2 is more complex and rewrite it in the hopes that it can be simplified to the other
term. Having said that, we will view the proof of or(b, b) = b in terms of a simplification problem.
In particular, we are interested in rewriting the expression or(b, b) to b, which conveniently already
happens to be in its normal form, thereby proving the theorem or(b, b) = b. The proof of or(b, b) = b
is shown in Figure 3. An important thing to note about the sequence of “simplifications” that are
applied to or(b, b) is that they are anything but simple. It turns out that in the context of first-
order logic, there is no universal definition for the notion of simplification that can be used to prove
all theorems. Indeed, it is well known that theorem proving in the realm of first-order logic is in
fact undecidable. The implications of this observation is that the complete automation of Boolean
simplification is not realistic.
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Operationally, the simplifications shown in Figure 3 are accomplished though a process known as
equational reasoning which is based on equational logic [3]. Informally stated, equational reasoning
is the notion that “equals may be substituted for equals”. The axioms of Boolean algebra shown
in Figure 2 provide us with an initial set of equal quantities in the form of equations, and it is
instances of these axioms that are used in the proof shown in Figure 3.

or(b, b) Given
and(or(b, b), true) Identity : x → and(x, true) where x is or(b, b)
and(or(b, b), or(b, not(b))) Complement : true → or(x, not(x)) where x is b
or(b, and(b, not(b))) Distributivity : and(or(x, y), or(x, z)) → or(x, and(y, z))

where x is b, y is b and z is not(b)
or(b, false) Compliment : and(x, not(x)) → false where x is b
b Identity : or(x, false) → x where x is b

Figure 3: An example of axiom-based manipulations of Boolean expressions

Equational reasoning is a cornerstone of mathematics and is an indispensable tool at the math-
ematician’s disposal when it comes to reasoning about expressions. In theory, the concepts and
mechanisms underlying equational reasoning should also be adaptable to reason about and ma-
nipulate programs. Just as in mathematics, in computer science there are axioms and theorems
stating how program structures belonging to a given language relate to one another. Realizing this,
our original definition of program transformation can be refined as follows:

Program transformation involves the discovery and development of suitable axioms and
theorems and their application to programs in accordance with the laws of equational
logic to achieve a particular goal.

2.2 The Mechanism of Equational Reasoning

In order to consider manipulating programs in the way mathematicians manipulate expressions it is
helpful to first analyze and abstract the techniques and concepts underlying equational reasoning.
In addition, we are interested in knowing the extent to which various techniques and processes can
be automated. Ideally, we are aiming for a fully automated system that when presented with a
program and a goal (e.g., simplification) will produce an output program satisfying that goal.

2.2.1 Variables and Matching

In equational reasoning, the variable plays an important role. For example, the axioms in Figure
2 make use of the variables x, y, and z. Variables allow equations to be written that capture
general relationships between expression structures. Matching [3] is an activity involving variables
that is very important in equational reasoning. Let e denote an expression we are interested in
manipulating, and let e1 = e2 denote the equation we are considering using in order to manipulate
e. Matching allows us to determine whether e is an instance of e1 or e2. For example, in the proof
in Figure 3 it is possible to rewrite or(b, b) to and(or(b, b), true) using the equation and(x, true) = x
and realizing that or(b, b) is an instance of x (i.e., the variable x can denote a quantity like or(b, b)).
Similarly, it is possible to rewrite the expression or(b, and(b, not(b))) to or(b, false) by using the
equation and(x, not(x)) = false and realizing that the sub-expression and(b, not(b)) is an instance
of and(x, not(x)).
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Let e denote an expression that may contain one or more variables and let t denote an expression
containing no variables. We will write e ¿ t to denote the attempt to match e with t. We will refer
to e ¿ t as a match equation. A match equation is a Boolean valued test that either succeeds or
fails. If a match equation succeeds then it means that t is an instance of e. More specifically, this
means that there exist values that when substituted for the variables in e will produce the expression
t. For example, if we substitute b for x in the expression and(x, not(x)) we get and(b, not(b)), thus
and(x, not(x)) ¿ and(b, not(b)) succeeds under the substitution x 7→ b. Substitutions are abstractly
denoted by the symbol σ. The act of replacing the variables in an expression e as defined by σ is
known as applying the substitution σ to e and is written σ(e).

Matching related concepts have been heavily researched. Under suitable conditions it is appro-
priate to use more powerful algorithms to construct an expression that is an instance of two other
expressions. These algorithms include unification [21], AC-matching [12], AC-unification [17], and
even higher-order unification and matching [11].

2.2.2 Equation Orientation, Confluence and Termination

Given an expression t a crucial aspect of equational reasoning is how one makes the decision
regarding which equation should be used to simplify t or one of its sub-expressions. In the realm of
rewriting, the complexity of the decision making process has been simplified by orienting equations.
For example, instead of writing e1 = e2, one would write e1 → e2. An oriented equation of the
form e1 → e2 is called a rewrite rule. The orientation e1 → e2 constrains the equational reasoning
process to the replacement of instances of e1 by instances of e2 and not the other way around2.

Orienting equations into rewrite rules greatly simplifies the task of deciding which rewrite rule
should be applied to a given term. However, equation orientation does not eliminate the decision
altogether. In general, expressions still exist to which two or more competing rules apply (see
Section 2.2.3 for more details on rule application). Under such conditions we say that the rules
interfere with one another. The simplest example of a pair of interfering rules are two rewrite rules
having identical left-hand sides (e.g., e1 → e2 and e1 → e3). Ideally, we would like to have a set
of rules that do not interfere with each other, or at least know that if rules do interfere with one
another the interference somehow doesn’t matter. A consequence of the notion of “interference not
mattering” is that the normal form for an expression, when it exists, must be unique. In general,
rule sets having the property of “interference not mattering” are said to be confluent or equivalently
Church-Rosser [1][3]. Formally, the Church-Rosser property is defined as: e1

∗↔ e2 ⇒ e1 ↓ e2.
Informally, this means that expressions that are equal can always be joined through the application
of rewrite rules (i.e., oriented equations) in the (Church-Rosser) rule set. In other words, given a
rule set R, we say that two expressions can be joined if they both can be rewritten to the same
expression using only the rewrite rules found in R.

An important result concerning the confluence/Church-Rosser property is that it is possible to
mechanically check whether a rule set possesses this property. It is also possible in certain cases to
convert a rule set that is not confluent into an equivalent rule set that is confluent [3].

Confluence is a highly desirable property for a rule sets to possess because it implies that the
decision of which order rules should be applied during the course of an equational reasoning session
is immaterial. Thus, the algorithm driving the equational reasoning process is trivial, one simply
applies rules where ever and whenever possible secure in the knowledge that the rewriting process
will always arrive at the same normal form, when it exists.

2A discussion of the techniques used to decide how equations should be oriented lies beyond the scope of this

paper.
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When does a normal form not exist? Given a confluent rule set, the only circumstances under
which a normal form does not exist is if the rule set is nonterminating. For example, consider
the rule set consisting of the single rule x → f(x). This rule set is trivially confluent but is
nonterminating and therefore produces no normal forms. Using this rule set to “simplify” the
expression b will yield the nonterminating sequence of rewrites b → f(b) → f(f(b))) → ... A rule
set is said to be terminating if every simplification sequence eventually produces a normal form.
The combination of confluence and termination let us conclude that all expressions have a normal
form and that their normal forms are unique.

In general, the problem of showing that a rule set is terminating is undecidable. However,
in practice one can often show that a particular rule set is terminating. Because of the highly
desirable properties of rule sets that are confluent and terminating, the termination problem is a
heavily researched area in the field of rewriting [3].

2.2.3 Rule Extensions and Application

The basic notion of a rewrite rule can be extended in two important ways. In the first extension
allows a label to be associated with a basic rewrite rule. The result is called a labeled rewrite rule.
Labeled rewrite rules typically have the form label : lhs → rhs where lhs and rhs are expressions.
A transformation system supporting labeled rewrite rules, allows the option of labeling rewrite
rules and treats a reference to a label as a short-hand for a reference to the rule.

In the second extension, a labeled rewrite rule can be extended with a condition. The result
is called a labeled conditional rewrite rule. Conditions can take on a number of forms but all
ultimately can be understood as a Boolean condition that enables or prohibits a rewrite rule from
being applied. Consider the rule x/x → 1 if x 6= 0. In this article, a labeled conditional rewrite
rule has the form label : lhs → rhs if condition. We will also only consider a restricted form of
condition consisting of Boolean expressions involving match equations as defined in Section 2.2.1.

Let r denote an arbitrary rewrite rule and let e denote an expression. If r is used as the basis
for performing a manipulation of e we say that r is applied to e, and this is what we mean when we
say rule application. More specifically, when using a conditional rewrite rule of the form lhs → rhs
if cond to simplify an expression t one first evaluates the Boolean expression lhs ¿ t ∧ cond. If
this Boolean expression evaluates to true and produces the substitution σ, then t is rewritten to
rhs′, where rhs′ = σ(rhs) is the instance of rhs obtained by applying the substitution σ to the
expression rhs.

2.2.4 Program Fragments as “expressions”

Thus far, we have given an overview of the mechanisms underpinning rewriting. However, we have
not said much about notations for describing expressions. When manipulating Boolean expressions,
the choice of notation is fairly straightforward. One can, for example, write a Boolean expression in
infix form e1 ∨ e2 or in prefix form or(e1, e2). How do these ideas translate to program structures?
One possibility is to express code fragments in prefix form. However, there are some disadvantages
to such an approach. One disadvantage is that there is some notational complexity associated
with prefix forms since this is not how we write programs in general. This conceptual gap holds
in the realm of Boolean algebra as well. For example, most readers will probably find x ∨ y ∧ z
to be more readable than or(x, and(y, z)). This problem is amplified as the complexity of the
structure expressed increases (and code fragments can have a complex structure). To address the
comprehensibility problem we will express code fragments in an infix form that we call a parse
expression [30][32]. A parse expression is essentially a short-hand for a parse tree and assumes
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that the syntax of the programming language has been defined by an extended-BNF. In general a
parse expression has the form BJ α′ K where B is a nonterminal in the grammar and the derivation
B

+⇒ α is possible. The difference between α as it occurs in the derivation and α′ as it occurs
in the parse expression is that in α′ all nonterminal symbols have been subscripted, making them
variables. In particular, when we say variable we mean a symbol that can participate in matching
as described in Section 2.2.1.

Let us consider the grammar fragment for Imp shown in Figure 1. The parse expression
assignJid1 = E1K denotes a parse tree whose root is the nonterminal assign and whose leaves
are id1, =, and E1. Since id1 and E1 are variables this parse expression denotes the most general
form of an assignment statement. The expression assignJid1 = E1 op1 E2K denotes a less general
form of an assignment in which an identifier id1 is bound to an expression E1 op1 E2. That is, an
expression containing a least one binary operator.

Matching works for parse expressions just as would be expected. For example, the match
equation assignJid1 = E1K ¿ assignJx = 5 + 4K succeeds with the substitution id1 7→ idJxK and
E1 7→ EJ5 + 4K. Similarly, the match equation assignJid1 = E1 op1 E2K¿ assignJx = 5 + 4K also
succeeds with the substitution id1 7→ idJxK, E1 7→ EJ5K, and E2 7→ EJ4K. We are now ready to
look at a more concrete example of program transformation.

2.3 Example: A Pseudo-compiler for Imp

A compiler takes a source program as input and produces an assembly program as output. As such,
a compiler is a meta-programming system. In this section, we look at an example of how an Imp
program can be partially compiled via rewriting. The goal in our example is to take an Imp source
program and transform it into an Imp target program. We claim, without proof, that the rewrite
rules presented for accomplishing this are both confluent and terminating. The normal form of an
Imp source program is an Imp target program, and can be obtained by the exhaustive application
of the labeled conditional rewrite rules shown in Figure 6.

In order to be considered a target program an Imp program should satisfy the following prop-
erties:

• All expressions in the target program should be simple expressions. An expression is a simple
expression if it satisfies one of the following properties: (1) the expression consists solely of
a base value (i.e., either an integer or an identifier), (2) the expression consists of a binary
operation involving two base values (e.g., 15 + 27), or (3) the expression consists of a unary
operation on a base value (e.g., !(x)). All other expressions are not simple.

• A target program may contain no while-loops.

• A target program may contain no if-then or if-then-else statements. Note that this makes
the if-statement the only remaining conditional construct.

• The Boolean expression associated with the if-statement must be an identifier (e.g., it may
not be an expression of the form e1 op e2).

Due to their simple structure, Imp target programs are similar to assembly programs. In fact,
Imp target programs are just one step away from assembly programs and can be transformed
into assembly programs on a statement by statement basis. Figure 4 gives an example of how an
assignment statement can be directly transformed into a sequence of assembly instructions.
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x = 3 + 4 =⇒
LOAD 3, R1
LOAD 4, R2
ADD R1, R2, R3
STORE R3, x

Figure 4: An example of how an assignment statement in an Imp target program can be transformed
into a sequence of assembly instructions

{
x = 27;
while x! = 1 do {

if x mod 2 == 0 then { x = x div 2;}
else { x = 3 ∗ x + 1; };

}

=⇒

{ x = 27;
skip;
L 1 : x 8 = x != 1;
y 3 = !( x 8 );
if y 3 goto L 2;
{ x 11 = x mod 2;

x 12 = 0;
x 10 = x 11 == x 12;
y 9 = !( x 10 );
if y 9 goto L 4;
{ x = x div 2; };
goto L 5;
L 4 : {

x 6 = 3 * x;
x 7 = 1;
x = x 6 + x 7;

};
L 5 : skip;

};
goto L 1;
L 2 : skip;

}
Figure 5: An Imp source program and an equivalent Imp target program

We hope the reader is convinced by this concrete example that the bulk of the general trans-
formation from Imp target programs to assembly code is straightforward. Thus, we return our
attention to the problem of transforming Imp source programs into Imp target programs.

Figure 5 shows an Imp source program and the target program that is obtained after apply-
ing the labeled conditional rewrite rules given in Figure 6. In Figure 6, the rewrite rules as-
sign simplify1, assign simplify2, and assign simplify3 collectively account for the three cases that
need to be considered when simplifying an expression in the context of an assignment statement.
The rule assign simplify1 is a conditional rule that removes (unnecessary) outermost parenthe-
sis from an expression. The rule assign simplify2 transforms the assignment of an identifier to
a negated expression into a sequence of two assignment statements, provided the negated ex-
pression is not a base value. For example, the assignment x = !(3 < 4) will be transformed to
x 1 = 3 < 4; x = !(x 1) where x 1 is a new identifier. Notice that in order to carry out this kind
of manipulation, one must have the ability to generate a new (heretofore unused) identifier. In
the rewrite rules shown, this functionality is realized by the function new which we do not discuss
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further in this article3. And lastly, note that without the conditional check ¬(E1 ¿ EJbase1K) the
rule assign simplify2 would be nonterminating.

The rule assign simplify3 transforms an assignment statement containing a non-simple ex-
pression (e.g., an expression containing two or more binary operators) into a sequence of three
assignment statements. For example, the assignment x = 4 + 5 ∗ 6 ∗ 7 would be rewritten into the
assignment sequence x 1 = 4; x 2 = 5∗6∗7; x = x 1+x 2. Notice that the assignment x 2 = 5∗6∗7
still contains a complex expression and will again be simplified by the assign simplify3 rule. In
the rule assign simplify3 the parse expression stmt listJid1 = E2 op1 E3; stmt list1K denotes a
statement list whose first statement is the assignment of the form id1 = E2 op1 E3. Analysis of the
problem shows that matching this structure is a necessary but not sufficient condition to ensure
that an expression is not simple. In order for an expression to be not simple it must also not be the
case that both E2 and E3 are base structures. Formally, this property is captured in the conditional
portion of assign simplify3 by the Boolean expression ¬(E2 ¿ EJbase2K ∧ E3 ¿ EJbase3K). The
remaining portion of the condition id2 ¿ new ∧ id3 ¿ new is responsible for binding the variables
id2 and id3 to new identifier names (e.g., id2 7→ idJx 1K).

The remaining rules in Figure 6 make use of notational constructs similar to those we have
just discussed. The rules jump1, jump2, and jump3 are respectively responsible for rewriting if-
then statements, if-then-else statements, and while loops into equivalent sequences consisting of
if-statements, labels, goto statements, and skip statements. Here the skip statement is used to
provide a point, beyond a given block, to which a goto can jump. In many cases, additional
optimizing transformations can be applied to remove unneeded skip statements. However, the skip
statement cannot be removed entirely (consider the case where the last portion of a program is a
block that one wants to jump over).

And lastly, the simplify if rule makes sure that the Boolean condition associated with an if-
statement consists of a base value.

2.4 Program Transformation Frameworks

Section 2.2.2 mentioned that confluence and termination are highly desirable properties for rule
sets because the problem of deciding which rule to apply then becomes immaterial. Unfortunately,
when transforming programs it is often the case that rewrite rules are created that are neither
confluent nor terminating and cannot be made so. Under these conditions, if transformation is
to succeed, explicit control must be exercised over when, where, and how often rules are applied
within a term structure. A specification of such control is referred to as a strategy, and systems that
provide users with constructs for specifying control are known as strategic programming systems.

The control mechanisms in a strategic programming system fall into two broad categories:
combinators and traversals. The computational unit in a rewrite system is the rewrite rule. Simi-
larly, the computational unit in a strategic programming system is the strategy. A strategy can be
inductively defined as follows:

• A rewrite rule is a strategy.

• A well-formed expression consisting of strategies, combinators, and traversals is a strategy.

Of central importance to a framework exercising explicit control over the application of rules is
the ability to observe the outcome of the application of a rule to a term. Specifically, in order to
exercise control a system needs to be able to answer the question: “Did the application of rule r to

3The ability to generate a new identifier name is supported by most program transformation systems.

10



assign simplify1 : assignJid1 = (E1)K → assignJid1 = E1K

assign simplify2 : stmt listJlabel1 id1 = !(E1) ; stmt list1K →
stmt listJlabel1 id2 = E1; id1 =!(id2); stmt list1K

if ¬(E1 ¿ EJbase2K) ∧ id2 ¿ new

assign simplify3 : stmt listJlabel1 id1 = E2 op1 E3; stmt list1K →
stmt listJlabel1 id2 = E2; id3 = E3; id1 = id2 op1 id3; stmt list1K

if ¬(E2 ¿ EJbase2K ∧ E3 ¿ EJbase3K) ∧ id2 ¿ new ∧ id3 ¿ new

jump1 : stmt listJlabel1 if E1 then block1; stmt list1K →
stmt listJlabel1 if !(E1) goto id1; block1; id1 : skip; stmt list1K

if id1 ¿ new

jump2 : stmt listJlabel1 if E1 then block1 else block2; stmt list1K →
stmt listJlabel1 if !(E1) goto id1;

block1; goto id2;
id1 : block2;
id2 : skip; stmt list1K

if id1 ¿ new ∧ id2 ¿ new

jump3 : stmt listJlabel1 while E1 do block1; stmt list1K →
stmt listJlabel1 skip;

id1 : if !(E1) goto id2;
block1; goto id1;
id2 : skip; stmt list1K

if id1 ¿ new ∧ id2 ¿ new

simplify if : stmt listJlabel1 if E1 labeled stmt1; stmt list1K →
stmt listJid1 = E1; label1 if id1 labeled stmt1; stmt list1K

if ¬(E1 ¿ EJbase1K) ∧ id1 ¿ new

Figure 6: Rewrite rules capable of transforming Imp source programs into equivalent target pro-
grams

term t succeed or fail?” In summary then, a strategic programming system can be thought of as a
rewriting system that has been extended with mechanisms for explicitly controlling the application
of rules where the notion of failure plays a central role.

2.4.1 Strategic Combinators

A combinator is an operator (generally unary or binary) that can be used to compose one or more
strategies into a new strategy. Let s1 and s2 denote two strategies. Typical combinators include

• sequential composition denoted s1; s2. The application of s1; s2 to a term t will first apply s1

to t and then apply s2 to the result.

• left-biased choice denoted s1 <+ s2. When applied to a term t, the strategy s1 <+ s2 will first
try to apply s1 to t, if that succeeds and produces the result t′, then t′ is the result of applying
s1 <+ s2 to t. Otherwise, s2 is applied to t. If this application succeeds and produces t′′ as
its result, then t′′ is the result of applying s1 <+ s2. However, if the application of s2 to t
fails then the application of s1 <+ s2 is said to fail.
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• right-biased choice denoted s1 +> s2. The strategy s1 +> s2 is equivalent to s2 <+ s1.

• nondeterministic choice denoted s1 + s2. If both s1 and s2 can be applied to a term t then
s1 or s2 is nondeterministically chosen and applied to t. If only one strategy can be applied
that strategy is selected, and if both strategies do not apply then the application of s1 + s2

to the term t fails.

2.4.2 Traversals

The combinators described in Section 2.4.1 provide the ability to discriminate and sequence the
application of strategies to a term. When a strategy contains a combinator, the application of
that strategy to a term is defined with respect to the structure of the strategy, irrespective of the
structure of the term. In contrast, a traversal focuses on the structure of the term, but does not
consider the structure of the strategy. Broadly speaking, a traversal specifies the order in which
a term and its sub-terms are visited. Thus, a traversal can be understood as a mechanism for
sequencing term structures. Typically, when a term is visited some action is performed like the
application of a strategy to the term.

Some traversals capture sequencing notions that are broadly applicable across a wide range
of applications. Such traversals are called generic traversals. A typical and very useful generic
traversal is one that performs a top-down left-to-right traversal of a tree structure and uniformly
applies a given strategy to all sub-trees encountered. Another generic traversal is one that performs
a bottom-up left-to-right traversal of a tree structure. And a third generic traversal is one where
the traversal is stopped after the first successful application of a given strategy. Other generic
traversals have been identified in the literature [10][19][30].

In some cases, the notion of generic traversal has direct analogies with traditional models of
computation. For example, a top-down (outside-in) approach to evaluation corresponds to lazy
evaluation style where functions are applied to arguments without (first) evaluating the arguments.
In contrast, a bottom-up (inside-out) approach corresponds to a strict evaluation where the argu-
ments to functions are evaluated before functions are applied.

2.4.3 Strategic Frameworks

In addition to the combinators and traversals discussed, strategic programming frameworks may
contain a variety of additional features. These features can include (1) the ability to create rewrite
rules and strategies dynamically [28][30][32], (2) the ability to define strategy application via con-
gruences[6][10], and (3) constructs that allow user-defined generic traversals to be created [28][30].

ELAN [6], TL [30], the ρ-calculus [10], the S′γ-calculus, and Stratego [29] are examples of strate-
gic programming frameworks. Of these frameworks, ELAN and Stratego have implementations, and
a dialect of TL is implemented in a system called HATS [14].

3 Why: Applications

Abstractly, program transformation system can be viewed as a system that transforms a source
program into a target program. In [27] an excellent overview is given of a wide variety of software
related activities that can be approached from a transformation-oriented perspective. Activities are
broadly classified as either belonging to the category of rephrasing or translation. In this section
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we present a taxonomy similar to the one given in [27] but with a greater emphasis placed on
semantics. In particular, our taxonomy is motivated by the relationship between the semantic
models necessary to understand the source and target programs. Within this classification system
we identify seven major bi-directional goals of program transformation:

• clarity – This goal focuses on separation and encapsulation of functional and behavioral
concerns.

• efficiency – This goal focuses on changing the resource usage of an executing program. Re-
sources of primary concern are time and space.

• computability – This goal focuses on the translation between non-computable and computable
program representations. Technically speaking, the goal of a compiler is to take a source
program that cannot be directly executed on a computer and translate it into a target program
that can be executed on a computer. In most cases, this goal involves moving between
semantic models at two different levels of abstraction.

• simplicity – This goal focuses on transforming a source program to a target program where
the semantic model for the source program is either a subset or superset of the semantic
model of the target program.

• functionality – This goal focuses on changing the functional behavior of the source program.
The semantic model for the source and target program are the same.

• translation – This goal focuses on transforming a source program into an equivalent target
program having a different syntax and generally a different semantic model. Here both
semantic models are roughly at the same level of abstraction.

• computation – This goal focuses on using transformations to perform computations. That is,
one is interested in some form of evaluation of a program or expression.

3.1 Transformations that Shift Between Semantic Models

Compilation is a classic example of a fully automatic transformation whose source and target pro-
grams are understood with respect to different semantic models. The goal is computability. Source
programs define computations that are typically understood in terms of semantic models containing
high-level concepts such as variables, data structures, and recursion while target programs define
computations that are understood in terms of semantic models consisting of registers, memory
locations, bytes and bits.

Synthesis and refinement are two examples of activities in which source programs having
specification-like characteristics are transformed into executable implementations. The goal is com-
putability. Transformations in this realm are typically not fully automatic (otherwise they would
be called compilers) and require some form of attention on a per problem basis. Specification lan-
guages can, and oftentimes do make use of constructs that are not computable. Thus, the semantic
shift between source and target programs can be dramatic.

Migration is an activity in which a program written in one language is transformed into an
equivalent program written in another language where both the source and target languages are
roughly at the same level of abstraction (e.g., C++ and Java). The goal is translation. Such
transformation can involve subtle shifts in semantic models. For example, the expression (x++)+x
has a precise semantics in Java and is technically undefined C++.
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Aspect-oriented programming is a paradigm in which cross cutting aspects of software are
defined separately [18][20]. These aspects are then woven together to form a program which can
then be compiled and executed in a traditional fashion. The weaving of aspects into a program is
typically approached from a transformation-oriented perspective. The goal in weaving is translation.

3.2 Transformations that Remain within a Single Semantic Model

In partial evaluation [16] knowledge that a general purpose source program will be used in a
context where one or more of its inputs are fixed is used as the basis for transformation. The
goal is computability. In particular, the target program produced is one in which all computations
that can be performed statically have been carried out. Oftentimes this results in a dramatic
improvement in the efficiency of the resulting program.

Desugaring is an activity where the goal of transformation is simplification. In desugaring the
target program that is produced belongs to a language that is a strict subset of the language of the
source program. The pseudo-compiler example given in Section 2.3 is an example of a desugaring
transformation.

Renovation is an activity focusing on altering the behavior of a software system that is currently
in use. The goal is functionality. The need for renovation is driven by changing requirements that
are placed on the software.

Program optimization is a highly researched area in computer science. The goal in optimization
is efficiency. Optimizations can occur at a variety of abstraction levels. A classic example can be
found in [8] where an exponential algorithm for calculating fibonacci numbers is transformed into
a linear time algorithm. Well-known optimizations include constant propagation, constant folding,
strength reduction, and common sub-expressions elimination [2].

In the following sections we take a more in-depth look at two transformational activities that
are, in some sense, at the opposite ends of the conceptual spectrum.

3.2.1 Refactoring

When developing software it is common to reach a point where some unanticipated structural or
functional dependencies make the resulting software architecture difficult to understand and/or
resistant to future modification. When such a point is reached programming effort needs to be
expended to “clean up” the software. Refactoring is the term used to describe general techniques
and methods that can be used to “clean up” software. More formally stated, the goal of refac-
toring is to restructure software to make it clearer (e.g., improving its design) while preserving its
functionality. In contrast, the goal in obfuscation is to make software harder to understand.

Examples of refactoring range from simple to complex and include:

• identifier renaming – The goal of identifier renaming is to give a identifier a new name that
more accurately describes its purpose.

• method extraction – The goal of method abstraction is to abstract a sequence of statements
into a method.

• object-oriented generalization – The goal of generalization is to identify a collection of classes
that share common features (e.g., methods and fields) and to migrate these common features
to a super class.
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• object-oriented specialization – The goal of object-oriented specialization is to identify a class
containing a general abstraction whose realization consists of a number of distinct special
cases. When such a class is discovered, a number of subclasses should be generated and each
special case should be migrated into its own subclass.

Ideally, refactoring is accomplished by carrying out a sequence of small transformations each
of which are so simple that they are “obviously” correctness-preserving. In addition to simplicity,
these transformations also should build on one another in a cumulative fashion. Under these
circumstances, a sequence of simple transformations can have an overall effect that results in a
dramatic refactoring of the program. In many cases, refactoring is subjective activity. As a result,
the ideal refactoring system is one that has an interactive dimension to it allowing users to actively
participate in the refactoring process. Furthermore, such a system should support an undo operation
that allows refactorings to be retracted, thereby allowing a variety of refactoring possibilities to be
explored.

William Opdyke’s PhD thesis [23] is generally cited as the first major work that extensively looks
at software refactoring as an area of research in its own right. However, in spite of this origination,
the importance and implications of refactoring were not fully appreciated until popularized by
Martin Fowler et al in a book titled Refactoring – Improving the Design of Existing Code [13]. Since
then, software refactoring has become wide-spread. A number of tools are available to help software
developers perform refactorings. Among these tools are: Transmorgrify, Eclipse, RECODER, and
RefactorIT. Refactoring has also been identified as an essential component of extreme programming
[5].

3.2.2 The Evaluation of λ-expressions

Functional programming languages have their origins in a formalism known as the λ-calculus [4].
The syntax of the λ-calculus is extremely simple. The elements of the language of λ-calculus are
called λ-expressions or expressions for short. A λ-expression can be a constant, a variable, the
application of one λ-expression to another λ-expression, or a λ-abstraction of the form (λ id.E)
where id is an identifier and E is a λ-expression.

The λ-calculus is a powerful notation for describing general-purpose computation. In fact, it has
been shown that any computable function can be described in terms of a λ-calculus expression. In
this framework, computation consists of the evaluation of λ-expressions. The goal in an evaluation
is to simplify a λ-expression until it can be simplified no further. If such a point is reached, we say
the expression is in its normal form.

The manipulation of λ-expressions is governed by the three axioms shown below. The first
two axioms make use of an operation that substitutes a value for all free occurrences of a variable
within a λ-expression. Let E denote a λ-expression, let x a variable, and let v denote a value (i.e.,
a λ-expression). The expression E[x 7→ v] denotes the instance of E that is obtained by replacing
all free occurrences of x in E by v. The first and third axioms make use of the ability to determine
whether a variable occurs free within a λ-expression. The formal definitions of E[x 7→ v] and occurs
free are straight-forward, but lie beyond the scope of this article. For more information see [4].

Axiom 1 Alpha-conversion (variable renaming). λx.E ←→
α

λy.E[x 7→ y] provided y does not occur
free in E.

Axiom 2 Beta-conversion (function application). (λx.E1) E2 ←→
β

E[x 7→ E2]
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Axiom 3 Eta-conversion (redundant layers of λ-abstraction). (λx.F x) ←→
η

F provided x does

not occur free in F and F is a λ-abstraction.

The equivalences in these axioms can be oriented from left to right to form corresponding
reductions or rewrite rules. A λ-expression is simplified by applying reductions until the normal
form of the expression is reached. When reducing λ-expressions, the workhorses of reduction are
the rewrite rules derived from the second and third axioms, and a λ-expression to which these rules
can be applied is called a redex.

An important corollary to a famous theorem known as the Church-Rosser Theorem states that
normal forms for λ-expressions are unique (up to variable renaming). Given the knowledge of
the uniqueness of normal forms, an interesting question to ask is: “Given a λ-expression E, can
the normal form of E be reached by applying reductions in any order to any sub-expression of
E?” A second Church-Rosser theorem states that one is guaranteed to reach the normal form of
a λ-expression (if it exists) by always reducing the leftmost outermost redex, and only applying
α-conversion when needed to avoid the name capture problem (see [4] for more on the name capture
problem).

4 Summary and Conclusion

In this article, program transformation is defined as a mechanism for manipulating programs (and
other software artifacts) having its roots firmly grounded in equational reasoning. On an intuitive
level, equational reasoning can be thought of as the notion that “equals can be replaced by equals”.
Formalization of this notion makes use of concepts such as (1) matching/unification, (2) confluence,
and (3) termination. The practical adaptation of the ideas underlying equational reasoning to the
realm of meta-programming (i.e., program transformation) requires the use of parsing technology
to automatically recognize the complex term structures that are typically possessed by computer
programs. These term structures can be defined using context-free grammars and can be stored
internally by the transformation system as (1) parse trees, which directly reflect the structure
defined by the grammar, (2) abstract syntax trees, which capture the essence of the structure
described by the context-free grammar, or even (3) directed-acyclic graphs (DAGS).

Applications lending themselves to a transformational perspective can be found in numerous
areas including: compilation, refactoring, synthesis, refinement, and even computation.

Interest in program transformation is driven by the idea that, through their repeated appli-
cation, a set of simple rewrite rules can affect a major change in a software artifact. From the
perspective of dependability, the explicit nature of transformation exposes the software develop-
ment process to various forms of analysis that would otherwise not be possible.
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